We investigate behavior of solutions of the following systems of rational difference equations:
Introduction
Recently, a great effort has been made in studying qualitative properties of the solutions of systems of rational difference equations.
Ç inar [1] studied periodicity of the positive solutions of the system of difference equations
Kurbanli et al. [2] studied the behavior of positive solutions of the following system:
Elsayed [3, 4] obtained the solutions of the following systems of difference equations:
Touafek and Elsayed [5] investigated the periodic nature and form of the solutions of the following systems of rational difference equations:
Mansour et al. [6] investigated form of the solutions and periodic nature of the following systems of rational difference equation:
Ozkan and Kurbanli [7] gave the solutions of the systems of the difference equations
Similar systems of rational difference equations were investigated (see, e.g., [8] [9] [10] [11] [12] [13] [14] [15] ).
Journal of Difference Equations
Motivated by [7] , in this paper we investigate periodic solutions of the following systems of rational difference equations:
where is a positive integer and the initial conditions are arbitrary real numbers. We show that every solution is periodic with period 6 . Furthermore, we give the solutions of some systems explicitly.
The Case = 1
In this section, we consider the following systems:
Ozkan and Kurbanli studied periodic solutions of the systems of the difference equations
where the initial conditions are arbitrary real numbers. The following two theorems are proved in [7] . 
6 +2 = − ( + ) ( + 1)
These theorems give the solutions of systems (12) and (13) . So, we do not show the periodic solutions of systems (12) and (13) . In this section, we only give the solutions of systems (14) and (15) (14) . Also, assume that ̸ = 1 and ̸ = −1. Then all six-period solutions of system (14) are as follows:
for = 0, 1, . . ..
Proof.
We prove the theorem by induction. From system (14), we obtain, immediately by iteration, 6 = , and 6 = . Now, assume that (20) holds for a positive integer ; that is,
Then, it follows that
So, the proof is finished.
The following theorem can be proved by induction similarly. So, it will be omitted. (15) . Also, assume that ̸ = −1 and ̸ = 1. Then all six-period solutions of system (15) are as follows:
The Case = 2
In this section, we consider the following systems: 
We will consider well-defined solutions. So, we will assume that (25), then all solutions are as follows: 
for ≥ 0. 
for ≥ 0.
Proof. (i) Consider system (14) . By iteration we obtain imme-
The General Case
In this section, we investigate systems (8) , (9), (10) , and (11). We will consider well-defined solutions. So, we will assume that −3 + −2 + − + ̸ = 1 and −3 + −2 + − + ̸ = 1, = 1, 2, . . . , , for system (8) = 1, 2, . . . , , for system (11) . We give the following lemma which is useful to prove the following theorem.
Lemma 6. Let { , } be a solution of system (8) , or (9) , or (10) , or (11) where the initial conditions are real numbers and satisfy well-defined solutions. The followings are true for ≥ 0:
Proof. (i) Firstly, we prove (i) for system (8) . From system (8) 
for ≥ 0. Considering other systems (9), (10), and (11) individually, the proof can be obtained similarly.
(ii) The proof of (ii) can be obtained similarly. So, it is omitted. Theorem 7. Let { , } be a solution of system (8) , or (9) , or (10) , or (11) which hold Lemma 6. Then, { , } is periodic with period 6 .
Proof. Suppose that { , } holds conditions in Theorem 7. We must show +6 = and +6 = , for ≥ 0. Firstly considering system (8), we show +6 = . From system (8) and Lemma 6(i), we obtain (36) So, we have obtained +6 = for ≥ 0. Considering the other systems individually, the proof can be obtained similarly. So, the proof is finished.
